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1 $\alpha$-???? $\alpha$-??????
1.1 ????
$\alpha$-????????????? (determinantal point eld, determinantal point process) ? 1-




????????????????????????? (e.g. [4]), ?????????????




$S$ ???????????????? Hausdor ?????? $S$ ??????? Radon ??
???? $Q(S)$ ?????? $S$ ?????????? $Q(S)$ ??? $\delta$-????
$\xi\in Q(S)\Leftarrow\Rightarrow\xi=\sum_{i}\delta_{x_{i}} (x_{i}\in S)$
???????????????????? $f:Sarrow \mathbb{R}$ (????? $C_{c}(S)$ ???)????
$\langle\xi, f\rangle=\sum_{i}f(x_{i})$
???? $\xi,$ $\xi_{n}\in Q(S)$ , $n=1$ , 2, . . . ????? $\langle\xi_{n},$ $f\ranglearrow\langle\xi,$ $f\rangle(\forall f\in C_{c}(S))$ ????? $\xi_{n}$ ?
$\xi$ ?????????? $Q(S)$ ??????????????????????????????
? $\sigma$-???? $\mathcal{B}(Q(S))$ ???? $Q(S)$-????? $\xi(\omega)$ ? $S$ ?????????????? $\xi(\omega)$




? 1903? 2014? 168-176 168
??? $\mu$ ???????
$\mathscr{L}_{\mu}(f)=E_{\mu}[\exp(-\langle\xi, f (f\in C_{c}^{+}(S))$
?????????????????????????????????$f\in C_{c}^{+}(S)$ ??????
??????????????? $C_{c}^{+}(S)$ ? $C_{c}(S)$ ????????????????
$S$ ?? reference ?? $\lambda$ ??????????? $\mu$ ????
$E_{\mu}[ \sum_{1x'\ldots,x_{n}\in\xi ,diatinct}\delta_{(x_{1},\ldots,x_{n})}]=\lambda_{n}$
?????? $S^{n}$ ?? Radon ?? $\lambda_{n}$ ??????? $n$ ????????? $\lambda^{\otimes n}$ ??????
????? Radon-Nikodym ?? $\rho_{n}=\frac{d\lambda_{n}}{d\lambda^{\otimes n}}$ ? $n$ ?????????
1.3 ?????
1.3.1 ???????
$S$ ?? Radon ?? $\nu$ ? intensity ???????????? $\Pi_{\nu}$ ?????????????
???????? :
$\mathscr{L}_{\Pi_{\nu}}(f)=E_{\Pi_{\nu}}[\exp(-\langle\xi, f =\exp(-\int_{S}(1-e^{-f(x)})\nu(dx)) f\in C_{c}^{+}(S)$ . (1)
??????? $\nu$ ? $\lambda$ ??????????????? $n\in \mathbb{N}$ ???? $n$ ?????????
?? $\rho_{n}(x_{1}, \ldots, x_{n})=\prod_{i=1^{\frac{dv}{d\lambda}}}^{n}(x_{i})$ ????
1.3.2 ??????
$S$ ?? Radon ?? $\nu$ ?????? $\mathcal{K}$ ??????????????
$\bullet$
$\mathcal{K}$ ? $L^{2}(S, v)$ ???????????????????? $*$ 1.
$\bullet$
$\mathcal{K}$ ??????? $K(x, y)$ ???? $O\leq \mathcal{K}\leq I$ ?????
????? $(\nu, K)$ ???????????
$\mathscr{L}_{\mu_{K}^{(-1)}}(f)=E_{\mu_{K}^{(-1)}}[\exp(-\langle\xi, f =\det(I-\mathcal{K}(1-e^{-f})\cdot)$
?????????????????????? $\mu_{K}^{(-1)}=\mu_{\nu,K}^{(-1)}$ ? $S$ ????????????
$(-1)$ ??????? $\mu_{K}^{(\alpha)}$ ? $\alpha=-1$ ?????????????????
$\rho_{n}(x_{1}, ;. . , x_{n})=\det(K(x_{i}, x_{j}))_{i,j=1}^{n}$
??????????????????????????????
$*1$ ????$-\mathcal{K}$ ???????????????????????? $A$ ?? $\mathcal{K}$ ??????????????????
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1.3.3 ?????????
$S$ ?? Radon ?? $\nu$ ?????? $\mathcal{K}$ ??????????????
$\bullet$
$\mathcal{K}$ ? $L^{2}(S, \nu)$ ?????????????????????
$\bullet$
$\mathcal{K}$ ??????? $K(x, y)$ ???? $\mathcal{K}\geq O$ ?????
????? $(\nu, K)$ ????????????
$\mathscr{L}_{\mu_{K}^{(1)}}(f)=E_{\mu_{K}^{(1)}}[\exp(-\langle\xi, f =\det(I+\mathcal{K}(1-e^{-f})\cdot)^{-1}$
?????????????????????????? $S$ ??????????? $\mu_{K}^{(1)}=\mu_{\nu,K}^{(1)}$
????????????
$\rho_{n}(x_{1}, \ldots, x_{n})=per(K(x_{i}, x_{j}))_{i,j=1}^{n}$
??????????
1.4 $\alpha$-??????
?????? $\nu,$ $K$ ?????????????????? $K(x, y)$ ???????? $\mathcal{K}$ ??
????????
$\mathscr{L}_{\mu_{K}^{(\alpha)}}(f)=E_{\mu_{K}^{(\alpha)}}[\exp(-\langle\xi, f =\det(I+\alpha \mathcal{K}(1-e^{-f})\cdot)^{-\frac{1}{\alpha}} f\in C_{c}^{+}(S)\fbox{Error::0x0000}.$
????????????? $Q(S)$ ???????? $\mu_{K}^{(\alpha)}$ ???????? $\mu_{K}^{(\alpha)}$ ??????
????? $\alpha$-?????????? $\alpha=-1$ ??????????? $\alpha=1$ ??????????
???? $\alphaarrow 0$ ???????????????
$\alpha$-????????????? $n$ ??????
$\rho_{n}(x_{1}, \ldots, x_{n})=\det_{\alpha}(K(x_{i}, x_{j}))_{i,j=1}^{n}$
?????? ([5]). ???? $\det_{\alpha}A$ ????????? $\alpha$ ???????









????????????? $\alpha<0$ ????? $\alpha=-1/n$ ?????????? $n$ ?
$\mu_{K}^{(\alpha)}(\xi(\{x\})=n)<0$ ????????????? $\alpha<0$ ???? $\mu_{K}^{(\alpha)}$ ???????????
? $\alpha=-1/n(n\in \mathbb{N})$ ???????????$\mu_{K}^{(\alpha)}$ ?????????supp $\mu_{K}^{(\alpha)}=\{0$ , 1, 2, . . . , $n\}$
???? $\alpha>0$ ?????????????????????????? $\alpha>0$ ????????
?????
???(i) ? 1????????????????????????????? $\mathcal{K}$ ???? $\alpha$-?




$n$ ????? $A$ ???? $\alpha$-????
$\det_{\alpha}A=\sum_{\sigma\in S_{n}}\alpha^{d(\sigma)}\prod_{i=1}^{n}a_{i\sigma(i)}$
???????????
$d( \sigma)=\min\{j\geq 1$ : $\sigma=\mathcal{T}_{1}\cdots Tj,$ $\tau_{i}$ ??? $\},$ $d(id)=1$
??????? $d(\sigma)$ ???????? $\sigma$ ?????????????????????????
???
? 2. $S_{3}$ ???? $d(\sigma)$ ?
???????????? $3\cross 3$ ?? $A=(a_{ij})_{i}^{3_{j=1}}$, ???? $\alpha$-????
$\det_{\alpha}A=a_{11}a_{22}a_{33}+(a_{11}a_{23}a_{32}+a_{13}a_{22}a_{31}+a_{12}a_{21}a_{33})\alpha+(a_{12}a_{23}a_{31}+a_{13}a_{21}a_{32})\alpha^{2}$
???????? $n$ ??? $A$ ???? $\det_{\alpha}A$ ? $\alpha$ ? $(n-1)$ ????????
Hadamard-Fischer ?????Marcus-Lieb ????????? $A\succeq O$ ???
per $A \geq\prod_{i=1}^{n}a_{ii}\geq\det A\geq 0\Leftrightarrow\det_{1}A\geq\det_{0,\prime^{-}}A\geq\det_{-1}A\geq 0$
?????????????????????? $\alpha$-??????? (???????) ?????
$\det_{\alpha}K$ ????????? $A\succeq O$ ???? $\det_{\alpha}A\geq 0$ ??????????????? $\mu_{K}^{(\alpha)}$ ?
???????????????????????????
$\alpha$-????????????????[3, 4, 5] ?????????
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2 Green kernel ???? $\alpha$-??????
?????????? loop ?????? Le Jan [2], Sznitman [6] ???????
2.1 ??
$(S, E)$ ??????? $S$ ????? $E$ ???????? $c_{x,y}=c_{y,x}>0$ ????????
??????? $xy\not\in E$ ???? $c_{x_{\rangle}y}=0$ ??????? $\kappa_{x}\geq 0$ ?????? $S$ ?????
?????????? $\lambda_{x}=\sum_{y}c_{x,y}+\kappa_{x}$ ?????????? $p_{xy}==A\underline{c}_{x,\lambda_{x}}$ ?????(?) ?
??????? $P=(p_{xy})_{x,y\in S}$ ????? $P-I$ ????????????????????
$(\{X_{t}\}_{t\geq 0}, \{\mathbb{P}_{x}\}_{x\in S})$ ?????????????????????????????????
$g(x, y)= \mathbb{E}_{x}[\int_{0}^{\infty}I(X_{t}=y)dt]\frac{1}{\lambda_{y}}\in(0, \infty) (\forall x, y\in S)$ (2)
???????
2.2 ??????? $\sigma$-???? $\mu^{loop}$
$S$ ?? (???) ??????
$\Gamma=t>\sqcup_{0^{\Gamma_{t}}},$
$\Gamma_{t}=\{\gamma$ : $[0,$ $t]arrow S;\gamma(0)=\gamma(t)$ , right-conti. $\}$
?????? $\gamma\in\Gamma$ ???? $\gamma\in\Gamma_{t}$ ???????? $t$ ? duration ???? $\tau(\gamma)$ ??????
$X_{s}(\gamma)=\gamma(s)$ , $s\in[0, \tau(\gamma)]$ ???????? $\{X$? $:\Gamma_{1}arrow S, s\in[0, 1]\}$ ????????? $\Gamma_{1}$
?? $\sigma$-???????? $\Gamma$ ?????
$(w, t)\in\Gamma_{1}\cross(0, \infty)\mapsto\gamma :=w(_{\overline{t}})\in\Gamma$
???? $\Gamma_{1}\cross(0, \infty)$ ?????? $\sigma$-?????????? $\sigma$-??? $\mathcal{F}_{\Gamma}$ ?????
$(\Gamma,\mathcal{F}r)$ ?? $\sigma$-?????
$\mu^{loop}(B)=\sum_{x\in S}\lambda_{x}\int_{0}^{\infty}P_{x,x}^{t}(B)\frac{dt}{t}$ (3)
?????????????? $B\in \mathcal{F}_{\Gamma}$ ????
$P_{x,y}^{t}(B)= \mathbb{P}_{x}(B\cap\{X_{t}=y\})\frac{1}{\lambda_{y}} (x, y\in S)$
????
???? $\mu^{lo\circ p}$ ????????????
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$\bullet\sigma$-???: $tarrow 0$ ? $\mathbb{P}_{x}(X_{t}=x)>0$ ????????
$\mu^{loop}(\Gamma)=\int_{0}^{\infty}\frac{dt}{t}\sum_{x\in S}\mathbb{P}_{x}(X_{t}=x)=\infty$
?????????(2), (3) ??
$\mu^{loop}(\tau(\gamma)\geq l)\leq\frac{1}{\ell}\sum_{x\in S}g(x, x)\lambda_{x}<\infty (\forall\ell>0)$
$\bullet$ ??? $:U$ ? $S$ ???????????? $S$ ? $U$ ???????????? $S$ ????
?? $\mu_{U}^{loop}$ ? $\mu^{loop}$ ???????????????
$1_{\Gamma_{U}}\cdot\mu^{loop}=\mu_{U}^{loop}.$
???? $\Gamma_{U}=\{\gamma\in\Gamma;(\gamma_{S})_{0\leq s\leq\tau(\gamma)}\subset U\}.$
$\bullet$ Feynman-Kac ??? : $x\in S$ ???? $\gamma\in\Gamma$ ??????
$L_{x}( \gamma):=\int_{0}^{\tau(\gamma)}I(X_{s}(\gamma)=x)ds\cdot\frac{1}{\lambda_{x}}$





2.3 Poisson clouds \`of loops
??? $\beta>0$ ????????? $\Gamma$ ?? $\sigma$-???? $\beta\mu^{loop}$ ? intensity ????? $\Gamma$ ???
?????? $\Pi_{\beta\mu^{1oop}}$ ?????([6] ?? Poisson clouds of loops ????????) $\Pi_{\beta\mu^{loop}}$ ?
???? $Q(\Gamma)$ ????????????????? (1) ??????
$E_{\Pi_{\beta\mu^{loop}}}[ \exp(-\langle\omega, \Phi =\exp(-\beta\int_{\Gamma}(1-e^{-\Phi(\gamma)})\mu^{loop}(d\gamma))$
???????? $\omega=\sum_{i}\delta_{\gamma_{i}}\in Q(\Gamma)$ , $\Phi$ : $\Gammaarrow[0, \infty]$ ????
??? Feynman-Kac ??? (4) ?? $\Phi v=\sum_{x\in S}V(x)L_{x}$ ????????




?????????????????? (5) ? $\alpha$-?????????????????????
????
2.4 $\alpha$-????????????? I
$\omega=\sum_{i}\delta_{\gamma:}\in Q(\Gamma)$ ? loop ??????Occupation eld $\mathcal{L}_{x}:Q(\Gamma)arrow[O, \infty]$ ?
$\mathcal{L}_{x}(\omega)=\langle\omega, L_{x}\rangle=\sum_{i}L_{x}(\gamma_{i})$
???????Y. Le Jan ???????????????? [2].
$(\mathcal{L}_{x})_{x\in S}$ under $\Pi_{\frac{1}{2}\mu^{loop}}=d(\frac{1}{2}\varphi_{x}^{2})_{x\in S}$ under $\mathbb{P}_{GFF}$
???? $\mathbb{P}_{GFF}$ ??????? $(\varphi_{x},x\in S)$ ???????????????????????
EGFF $[\varphi_{x}\varphi_{y}]=g(x, y)$ ??????????????
??? $K(x, y)=g(x, y)(x, y\in S)$ ????? $g(x, y)\geq 0$ ????? $\alpha>0$ ???
$\det_{\alpha}(K(xx))_{i,=1}^{n_{j}}$ ????????????? $S$ ?? $\alpha$-?????????????????
????
$E_{\mu_{G}^{(\alpha)}}[\exp(-\langle\xi, f =\det(I+\alpha G(1-e^{-f})\cdot)^{-\frac{1}{\alpha}}, f\in C_{c}^{+}(S)$
???????(5) ???????????????????
?? 1. $\alpha>0$ ???? $\mu_{G}^{(\alpha)}$ ? Green ??? $G$ ????? $\alpha$ -???????????????
$\omega=\sum_{i}\delta_{\gamma_{i}}\in Q(\Gamma)$ ??????? occupation eld ? $\mathcal{L}(\omega)=(\mathcal{L}_{x}(\omega),x\in S)$ ?????
$\mu_{G}^{(\alpha)}(\cdot)=E_{\Pi_{\alpha^{-1_{\mu}loop}}}[\Pi_{\alpha \mathcal{L}}(\cdot)].$
???? $\mu_{G}^{(\alpha)}$ ????? intensdy ?? $\alpha \mathcal{L}$ ??? $S$ ????????????? $\mathcal{L}$ ? intensity
?? $\alpha^{-1}\mu^{loop}$ ??? $\Gamma$ ????????????????????????
???$\beta=\alpha^{-1},$ $V=\alpha(1-e^{-f})$ ???????? $\langle\omega,$ $\Phi v\rangle=\sum_{x\in S}\alpha(1-e^{-f(x)})\mathcal{L}_{x}(\omega)$ ???
???
$E_{\Pi_{\alpha \mathcal{L}}}[\exp(-\langle\xi, f =\exp(-\langle\omega, \Phi_{V}$
????(5) ??
$E_{\Pi_{\alpha^{-1}\mu^{loop}}}[E_{\Pi_{\alpha \mathcal{L}}}[\exp(-\langle\xi, f =\det(I+G(\alpha(1-e^{-f})\cdot))^{-\alpha^{-1}}$
???????????????????????
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2.5 $\alpha$-????????????? $\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}$
$\alpha>0$ ????? $t>0$ ?????????????????????????? :
$\mathscr{L}_{\mu_{tG}^{(1/t)}}(f)=\det(I+G(1-e^{-f}))^{-t} (t>0)$ .
?????????? $\mu_{tG}^{(1/t)}$ ???????????????? 1??
$\mu_{tG}^{(1/t)}(\cdot)=E_{\Pi_{t\mu^{loop}}}[\Pi_{\mathcal{L}}(\cdot)].$
??? $(0, \infty)\cross\Gamma$ ???? $\omega=\sum_{i}\delta_{(t_{i},\gamma_{i})}$ ????
$\mathcal{L}_{t}(\omega)=\sum_{t_{i}\leq t}L(\gamma_{t_{i}})$
(occupation eld before time t)
???????
$\mathcal{L}$ under $\Pi_{t\mu^{loop}}=d\mathcal{L}_{t}$ under $\Pi_{dt\otimes\mu^{loop}}$
???????? $\Pi_{dt\otimes\mu^{loop}}$ ???? $(0, \infty)\cross\Gamma$ ??? $\otimes\mu^{l\circ op}$ ? intensity????????
?????????????
$\mu_{tG}^{(1/t)}=E_{\Pi_{dt\otimes\mu^{1oop}}}[\Pi_{\mathcal{L}_{t}}]=E[*\Pi_{L(\gamma_{t_{i}})}]$
???? $*t_{i}\leq t$ ???????????????
? $-7\gamma\in\backslash \Gamma$ ????? $[0, \tau(\gamma)]$ ?????????????
$Q([0, \tau(\gamma)])\ni\sum_{i}\delta_{s_{i}}\mapsto\sum_{i}\delta_{\gamma(s_{i})}$
????????? $S$ ?????? $\Pi_{\gamma}$ ????? $\Pi_{L(\gamma)}=\Pi_{\gamma}d$ ??????
$\mu_{tct_{i}\leq t}^{(1/t)_{=E_{\Pi_{dt\otimes\mu^{loop}}}[*\Pi_{\gamma_{t_{i}}}]}}$
???????? $\Pi_{dt\otimes\mu^{loop}}$ ??????? $t$ ??????? $S$ ????? $\gamma$ ????????
???????????? $\mu$t(G1/???????????????????
2.6 ??
?? $S$ ???????????????????? $S$ ?? $\alpha$-??????????????
?????????????? 2???????????????????????????
$D\subset \mathbb{R}^{d}$ ??? $\partial D$ ????????????? $(B_{t})_{t\geq 0}$ ?????????????? Green
?? $G(x, y)$ ??????????????????????????????????????
[1]. ???? $f$ : $Darrow[O, \infty$ ) ???? occupation time ? $L_{t}(f)= \int_{0}^{T}f(B_{t})dt$ ??????
$\mathbb{E}_{\mu^{loop}}[L_{t}(f)^{n}]=(n-1)!\int_{D^{n}}G(x_{1}, x_{2})f(x_{2})G(x_{2}, x_{3})\cdots G(x_{n}, x_{1})f(x_{1})dx_{1}\ldots dx_{n}$
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?????? $D$ ? 1???????? $L_{t}(f)$ ? $\mu^{l}$oop-??????? $G$ ??????????
??????? $\alpha$-?????? $\mu_{G}^{(\alpha)}(\alpha>0)$ ??????????????????????
????????3???????? $L_{t}(f)$ ? $\mu^{loop}$-????????? $D$ ?????? $G$ ?
Hilbert-Schmidt ??$D$ ????????? Hilbert-Schmidt ??????Le Jan ???????
occupation eld ??????????????????????? 2-regularized determinant
????????????????? [2].
????
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